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Stability of Gortler Vortices in Boundary Layers

Jerzy M. Floryan* and William S. Sarict
Virginia Polytechnic Institute and State University, Blacksburg, Va.

A formal analysis of Gortler-type instability is presented. The boundary-layer and disturbance equations are
formulated in a general, orthogonal, curvilinear system of coordinates constructed from the inviscid flow over a
curved surface. Effects of curvature on the boundary-layer flow are analyzed. The basic approximation for the
disturbance equations is presented and solved numerically. Previous analyses are discussed and compared with
our analysis. It is shown that the general system of coordinates developed in this analysis and the correct order-
of-magnitude analysis of the disturbance velocities with two velocity scales leads to a rational foundation for
future work in Gortler vortices.

Nomenclature
G =ec/ev = (U00dr/v)(5r/(R)1/2,G6rt\Gr number
g = function defined in Eqs. (5) and (6)
h — h ^ — h ^ , metric coefficients for inviscid streamlines
K = 6r/(R, dimensionless curvature '
(R = dimensional radius of curvature of wall
R = U<xdr/v = (U(30x0/v)'/2, Reynolds number
U, V = dimensionless basic state velocities
U^ = freestream velocity, reference velocity
u, v,w = dimensionless velocity components in the x, y, and z

directions
x,y>z = dimensionless chordwise, normal, and spanwise

coordinates
x0 = dimensional chordwise location
a. = dimensional wavenumber
a = adr, dimensionless wavenumber
j3 = dimensionless spatial amplification rate, Eq. (23)
dr = (vx0/U00)1/2, boundary-layer reference length
ev = (v/U^d,.), small viscous parameter
ec = (dr I (R) 1 / 2 , small curvature parameter
A = (C/.X/pXX/CR)1/2, Eq. (38), dimensionless

wavelength parameter
X = 2?r/(5, dimensional wavelength of disturbances
v = kinematic viscosity
0' = const (inviscid potential lines, chordwise coordinate)
07 = ey</>, slow viscous scale
4>2 = ec</>, slow curvature scale
\l/ = const (inviscid streamlines, normal-to-wall coor-

dinate)

I. Introduction

DESIGNS of modern supercritical airfoils employing
laminar flow control may have regions of concave

curvature on the lower side of the airfoil. It is well known that
a boundary layer over a concave surface has a strong inviscid
instability mechanism, manifested by the presence of counter-
rotating vortex pairs. The presence of streamwise vorticity is a
harbinger of transition to turbulence through a coupling with
Tollmien-Schlichting waves. Questions naturally arise as to
the extent of the instability.
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While reviewing the literature one observes a plethora of
analyses devoted to the stability of boundary layers over
curved surfaces. Thus, we review in Sec. LA. the different
analyses of the problem that followed Gortler * and we discuss
limitations of the previous work that resulted in many dif-
ferent neutral stability curves, eight of which are shown in
Fig. 1. Improved calculations of the model of Smith2 are
presented and discussed in Sec. I.E. In Sec. II we develop a
formally correct, first-order approximation to the complete
stability equations. In Sec. II.A., we focus on the central
problem in previous work: when body-oriented coordinates
are used, a singularity corresponding to the center of cur-
vature occurs in the flowfield. We introduce a general trans-
formation to a set of orthogonal coordinates based on the
streamlines and potential lines of the inviscid flowfield. The
basic state is discussed in Sec. II.B. The disturbance equations
are derived in Sec. II.C. with an order-of-magnitude analysis
of the disturbance velocities which introduces two velocity
scales. The proper boundary conditions are defined in Sec.
II.C. and the solution for the disturbance equations is
discussed in Sec. II.D.

In Sec. Ill, we describe the computational procedure.
Results are given and discussed in Sec. IV.

A. Review of Previous Work
The instability of boundary layers over concave walls with

perturbations in the form of streamwise vortices was first
treated by Gortler.l The physical mechanism for such an
instability is identical to that shown by Rayleigh for a rotating
inviscid fluid and by Taylor for a rotating viscous fluid.3

After "Gortler, many attempts (e.g., Refs. 4-12) where made to
correct, supplement, and extend his analysis. The reader is
referred to Herbert12 for a thorough review of these works.
These various theoretical investigations disagreed as to the
details of the formulation of the problem as well as to the
fundamental properties of the instability. Figure 1 shows the
collection of neutral stability curves that result from these
analyses. In this figure, a. is the spanwise wavenumber of the
vortex pair, made dimensionless with the reference length
6r = (^0/C/oo)//2. Here, v is the kinematic viscosity, x0 the
chord position, and U^ the freestream velocity. The ordinate
of Fig. 1 is the Gortler number defined as G = R(K)l/2 where/?
is the Reynolds number based on dr and K the surface cur-
vature normalized with 5r. With these definitions, R = (Rx)l/2,
where Rx is the Reynolds number based in the local chord
position. Herbert12 showed that some of the disagreements
between the curves in Fig. 1 are due to computational errors
and he presented additional neutral curves that were not
previously computed. He also showed that larger rates of
decay of curvature outside the boundary layer, as well as the
smaller streamwise extent of curvature, considerably
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Fig. 1 Neutral curves obtained from different models of the Gortler
instability (after Herbert12): 1) Gortler1 model, original com-
putations; 2) Hammerlin4 computations for the Gortler model;
3) Hammerlin5 model, includes corrections for small wavenumbers;
4) Smith2 model, original computations; 5) Hammerlin6 model based
on streamlines and potential lines of the flow over a wavy wall;
6) Schultz-Grunow and Behbahani7 model; 7) Kahawita and
Meroney9'10 computations of Smith's model with the transverse
velocity terms excluded; 8) Kahawita and Meroney9'10 computations
of Smith's model with the transverse velocity terms included; and
9) present calculations of Smith's model.

stabilized the flow. Another limitation of these analyses is the
treatment of stream wise curvature.

Attempts to include effects of the boundary-layer growth,
such as the normal-velocity terms, were made in Refs. 2, and
7-10. The problem is complicated since one has to carry a
consistent approximation for the curvature terms at the same
time. Smith2 included the normal-velocity terms and was the
first to include all of the second-order terms13 from the basic
state. This was followed by Kahawita and Meroney9'10 whose
equations practically match those of Smith.2 However no
arguments were presented on why the effect of curvature on
the mean flow should be neglected. This problem is addressed
in Sec. II of this paper.

B. Improved Calculations of Smith's Model
In addition to the problems of the treatment of the cur-

vature, some disagreement exists between calculations of the
same set of equations. Smith2 formulated the general stability
problem in terms of spatially growing disturbances and in-
cluded all of the coefficients proportional to (1 -Ky)~n. He
assumed K<\ and expanded the singular terms in a power
series and thus transferred the singularity to infinity. The
normal-velocity terms that Smith included can be the most
important nonparallel terms for boundary-layer stability
when significant suction is introduced.14

Kahawita and Meroney9'10 used the same equations as
Smith2 and calculated neutral curve 8 in Fig. 1. It appears
that no minimum Gortler number exists. Moreover, since
curve 7 has the normal-velocity terms suppressed, these terms
appear to be very destabilizing whereas curve 4 given by
Smith2 differs only moderately from those obtained with the
parallel-flow assumption. It has been suggested15 that the
Galerkin method used by Smith may not provide sufficient
accuracy for low wavenumbers. Moreover, if one examines
the eigenfunctions presented in Ref. 2, the eigenvalues
computed for the high wavenumber range may correspond to
the higher modes.16 We have repeated the calculation of
Smith's equations2 for the neutral curve using a differential

equation solver with orthonormalization.17 The results of this
calculation are given as curve 9 in Fig. 1 which differs from
curves 4 and 8. Kahawita and Meroney9'10 employed a routine
that is almost equivalent to the procedures described in Sec.
III. The shape of curve 8 appears to be due to an approximate
mean flow representation and from the numerical integration
itself. The detailed discussion of this and of other topics on
the numerical solution are contained in Ref. 18.

II. Problem Formulation
Since the local centrifugal force drives the unstable motion,

the wall curvature plays a less important role than the overall
curvature of the flowfield (i.e., curvature of the streamlines).
Therefore the problem is configuration dependent and may
not be generalized. The most important part of this analysis is
the way of approaching such problems rather than the details
related to the geometrical configuration being analyzed. The
model configuration considered here is general in the sense
that it allows for the explicit analysis of all factors defining
properties of the wall curvature, e.g., the curvature of the
wall itself and its stream wise extent.

The analysis provides a formally correct, first-order ap-
proximation to the complete stability problem. The intrinsic
scaling of the unstable motion is also considered by in-
troducing two velocity scales.

A. Formulation of the Coordinate System
The influence of curvature and its stream wise extent is

examined first by using the basic state as an example.
Classical analyses begin with the usual system of body-
oriented coordinates and are reviewed by Van Dyke.13 When
the boundary-layer-type approximation19 is introduced into
the dimensionless form of the ^-momentum equation in
curvilinear coordinates the following equation results

dU dU K
1-Ky dxj dy 1-Ky

K 8U K2

uv= - —— —dP d2U
1-Ky dy2

1-Ky by (1-Ky) -U+0( - (1)

where K is the dimensionless curvature, Xj =x/R, \/R is the
small dimensionless parameter characterizing the boundary-
layer growth (usually R = Re'f), and (U, V/R) is the basic-
state velocity field. When K<\/R, all of the curvature terms
may be neglected without changing the order of the ap-
proximation and the basic state is represented by the Blasius
flow. For K = 0(l/R), the solution of the field equations
differs only slightly from the Blasius solution as far as the
boundary-layer velocity profile and momentum thickness are
concerned. However, the potential flow outside the boundary
layer which is introduced while solving Eq. (1) is no longer a
parallel flow. The coefficients of Eq. (1) tend to infinity as y
approaches the center of curvature (Ky-+\). The problem of
this singularity in the flowfield12 prevents a straightforward
adaptation of the classical approach given by Van Dyke.19

Thus, one has to provide a way of matching the boundary-
layer flow with the potential flow so that an approximation,
uniformly valid throughout the flowfield, may be produced.
This may be done by introducing optimal coordinates.20'21

We begin by constructing a system of orthogonal coor-
dinates that avoids singularities and has a simple represen-
tation of the boundaries. Since an analytic description of the
boundary is convenient, a conformal transformation based on
the Joukowski function is chosen. This transformation is
capable of producing a wall with constant curvature over a
certain stream wise extent. The system of coordinates con-
structed in this way has the straightforward physical in-
terpretation as the set of streamlines and potential lines of the
inviscid flow over a curved wall. In the wall region it has the
advantages of body-oriented coordinate systems and in the



318 J. M. FLORYAN AND W. S. SARIC AIAA JOURNAL

b)

Fig. 2 The coiiformal transformations: a) initial configuration, E
plane, F(E)=E+a2/E+iT/2ic&iE-H0; b) step 1, S plane,
E=S+ib; c) step 2, T plane, T-S+c2/S; d) step 3, Q plane,

area away from the wall it assumes the form of a Cartesian
system. Moreover, since this analysis is addressed to bound-
ary-layer flows, the curvature is assumed to be small in order
to use a boundary-layer-type approximation.

The sequence of transformations that produces the desired
curvature is shown in Fig. 2. The initial configuration (Fig.
2a) is that of a flow around a cylinder with circulation. This is
transformed into the flow over a curved wall (Fig. 2d) with the
transformations shown. The circulation is fixed by ap-
plication of the Kutta condition at the trailing edge. When the
constant a is fixed, b/a2 is the curvature of the wall as shown
in Fig. 2b. The complex potential for Fig. 2d has the form

(2)

where N=Q/2-c+ [(Q/2-c)2 -c2] 1/2+ib.
Equation (2) is an exact expression for the streamlines \l/

and potential lines </> in terms of the reference Cartesian
system, where

</> =. Re// ( Q ) , potential lines

\l/ = lmff( Q) , streamlines

To complete this picture we require the inverse of Eq. (2) in
closed form as Q = Q(H). This cannot be done in general;
however, one may choose the stream wise extent of the wall
curvature D measured along the wall and its radius of cur-
vature (R as the two parameters defining the configuration,
then

/ D \b=1/2(R[l-cos —— } and # =
V 2(R/

D

where a and b are defined in Fig. 2. When one normalizes
these parameters using D as a reference scale, their dimen-
sionless form is

b=(l/16)ec and K=ec

where ec=D/(R is assumed to be a small parameter
representing the magnitude of the wall curvature. Now we let
b = ecb and-the transformation of Fig. 2b is assumed to be in
the form

(3)

Fig. 3 System of coordinates; Qxy = reference Cartesian system,
00^ = system based on streamlines and potential lines.

Combining the transformations of Fig. 2 with Eq. (3) and
collecting terms with respect to the same powers of ec we have

The Q-plane transformation (Fig. 2d) is then given as

d-)'-]"
= H+ieb< - (D- (4)

where positive b corresponds to the concave curvature. The
metric coefficients take the form

(5)dH

where g(0,\l/) can be deduced from Eq. (4).

With the boundary-layer-type analysis the expansion of the
metric coefficients around \l/ - 0 is required. Therefore,

(6)

(7)

(8)

The final wall configuration is shown in Fig. 2d. The
curvature of the wall, given as ̂  = 0, is compute^ as

dy
d<t>2 d<t>2

(9)

where *=*(</>, i/0 = Re(Q) and y=y(<l>,V) = lm(Q). With the
above relationships we are in a position to formulate and
analyze the Navier-Stokes equations. Figure 3 is a typical
illustration of the new coordinate system.

B. Formulation of the Basic-State Equations
The basic state is chosen to be an incompressible, constant

property flow over a curved wall. Whereas the effects of
curvature are represented by the small parameter ec, the effect
of viscosity is represented by the small parameter ey , defined
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as ev = (v/U<xL) 1/2 where L is some reference length scale. The
field equations to order e2 are developed by substituting the
form of the metric coefficient given in Eq. (5) into the
dimensionless form of the mass and momentum equations
written in terms of generalized curvilinear coordinates. The
results for an incompressible, two-dimensional flow are given
as

Mass

0 momentum

(10)

(11)

i/' momentum

(12)

where subscripts 0 and \l/ denote d/d</> and d/di/s respectively,
and u and v are the velocities in the 0, and \l/ directions,
respectively.

The method of matched asymptotic expansions22 is applied
to Eqs. (10-12). The solution in the outer limit ,ey —0 is simple
since the coordinate system is constructed in this limit. For the
inner limit, we introduce the transformation ^ = \l//ev and
assume

v = evV1(<j),y\ec) (14)

After the transformation and the expansion of the metric
coefficients for small \I/, while retaining terms of order e°c and
ejj, the system of equations reduces to the familiar boundary-
layer equations. That is to say, that even when ec and ev are of
the same order, the boundary-layer equations over a flat plate
result and the curvature effects are of a higher order. The
correct zeroth-order base flow for the stability analysis is the
Blasius flow. We would like to point out that the accuracy of
the base flow is given as 0(ey) + 0(ec). Also, there is no
problem in matching the inner and outer flow since the
coordinates behave as optimal coordinates20'21 at this level of
approximation.

C. Formulation of the Disturbance Equation
The stability analysis begins with the generalized field

equations expressed in the coordinate system described in Sec.
II.A. The flow geometry is shown in Figs. 3 and 4. The
spanwise coordinate z is a Cartesian coordinate. Three-
dimensional, steady, spatially growing disturbances are
superposed on the mean flow as

(15)

In the above u, v, and w are velocity components in the & \l/,
and z directions, respectively. The field equations are made

Fig. 4 Vortex-like disturbances in the boundary-layer flow over a
concave wall with the axis of the vortices parallel to the principal flow
direction.

dimensionless by introducing the length scale 6,. = (vx0/U(X)I/2

for the \l/ and z coordinates, the velocity scale £/„ for U, V,
and «', a "viscous velocity scale" v/br for v' and w', and the
scale pv2/d2 for pressure disturbances. The necessity of using
the different velocity scales was recognized by DiPrima and
Stuart23'24 for instabilities of this kind.

The physical mechanism of the instability produces a two-
dimensional motion of cellular shape in the (\l/,z) plane as
shown in Fig. 4. The stream wise component of the distur-
bance velocity appears as a defect in the mean flow due to the
vortex motion and, as such, its maximum cannot be larger
than the freestream velocity.25 Therefore it has to be scaled by
the same scale as the mean flow. The different velocity scales
used for v' and w' and for u' express the fact that a very
weak cellular motion may produce quite large defects in the
mean flow. The ratio of the two velocity scales is given by the
coefficient ev = (^/6/.(/00) which expresses the weakness of the
instability mechanism. Additional motivation for using two
velocity scales may be found in the recent experiments by
Bippes26 (e.g., see his Fig. 42 on p. 164). The two different
scales for disturbance velocities are crucial for this analysis.
Analogously, the characteristic length for the <£ coordinate is
taken to be L and it is greater than dr by l/ey; therefore,
downstream development of disturbances is governed by the
scale 07=ey0.

Equations (15) are substituted into the field equations, the
basic-state solution is applied, and the equations are
linearized. Boundary-layer theory combined with the assumed
scales14 gives the chordwise variation of the mean flow in
terms of the variable <t> l = e v <j>.

The metric coefficient h was cast in terms of the stream wise
extent D of the curved wall. Locally, both scales D and dr
form a small parameter ec = dr/D. It should be of the same
order as ec but not equal to ec since ec changes with the
chordwise location and ec depends only upon a particular wall
configuration. It is more convenient to form another
parameter ec = Vecec = V6r/(R. If 5r, D, and (R are known,
one can formulate exact relations between ec, ec, and ec.
However at this level of approximation it is enough to keep
them of the same order of magnitude. The variation of the
metric coefficient is governed by the scales <t>2 = ec<£ and
\l/2 = ec\// and its representation is obtained from Eqs. (6-9).
The disturbance equations are formulated in terms of the new
variables W>7, <t>2, $, $2> z) ari(^ tne niethod of multiple
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scales22 is used to determine the correct asymptotic form. The
zeroth-order equations are given as

„,_ ./3 Uw +

Mass

</> momentum

\l/ momentum

z momentum

where

(16)

(17)

(19)

G = ev Uv, Gortler number (20)

and subscripts 07, $, and z refer to d/-d<t>j9 d/d\l/, and d/dz,
respectively.

One should note that terms dt//d(/>7, V, and dV/d\I/9 which
are of order ey, and dF/d$7, which is of order e2, appear in
the basic approximation for this type of instability. This
suggests that the theoretical as well as experimental results
may be extremely configuration dependent.

The no-slip and no-penetration boundary conditions at the
wallare

w = f = w = 0at \l/ = 0 (21)

Away from the wall and outside the boundary layer we have

u = v = w-+ 0 as ^->oo (22)

which are the usual conditions for boundary-layer-type flows.

D. Normal-Mode Solution
Equations (16-19) form a set of partial differential

equations of the elliptic type in (<£7, \l/, z) with coefficients that
depend on <£7 and \l/. The dependence on z can be separated by
the requirement of span wise periodicity. The slow scale </>7
may also be separated and the analysis takes on only a local
meaning. The error committed is 0(ey), i.e., consistent with
the approximation already made. The disturbances are
assumed in the form of

(23)
' = w ( \ l / ) sin (otz) e^i

where a is the dimensionless spanwise wavenumber and /3 the
spatial growth rate. Both a and j8 are assumed to be real and
normalized with dr. Real 0 means that the vortices form the
parallel rows that have been observed experimentally. 26>27

Equations (23) are substituted into Eqs. (16-19), yielding

dv——a\f/
d2u

(24)

(25)

u +

dp d2v

ay
+2G2Uu

(26)

dw
dy

A= otp + d\l/2 (27)

The above set of equations forms a sixth-order system of
homogeneous, linear, ordinary differential equations and is
supplemented by the homogeneous boundary conditions of
Eqs. (21) and (22). This forms an eigenvalue problem for the
parameters (a, ft G). If one disregards terms due to the
boundary-layer growth, Eqs. (24-27) reduce to the system
presented by Gortler .V

HI. Computational Procedure
The stability problem defined by Eqs. (21-27) is reduced to

the solution of six, first-order differential equations with six
homogeneous boundary conditions of the form

(28)

(29)

(30)

d2v d3vdu dv .

(31)

where M^ can be easily deduced.18 This set constitutes an
eigenvalue problem and it has nontrivial solutions only for
certain combinations of the parameters a, ft and G. The
solution is carried out by first choosing \ls^tm such that
(7=1, dLW = 0, at//a07=0, 82U/d<l>1d\l/ = Q, F=const,
aF/a^ = 0, and dV/d<j>j = const. Then, for \^>^m , Eq. (28)
reduces to an equation with constant coefficients whose
linearly independent solutions have the form

(32)

where \k are the eigenvalues of the matrix M{J
r ̂  r

\,_2=±a

XA< = *4|

given by

(33)

and A/A. is the eigenvector matrix. Because of the repeated
eigenvalues, proper care has to be taken for their respective
eigenvectors. The boundary conditions applied at ^-*oo are
satisfied by eliminating solutions characterized by positive
eigenvalues in Eq. (33). Then a linear combination of the
remaining solutions is used as a starting condition at ^ = ̂ m
and the forward integration routine17 is used to find the
eigenfunctions and eigenvalues. Given a, ft and a guess for
G, a fifth-order, variable step-size algorithm coupled with
orthonormalization17 is used to integrate Eq. (28) from
\l/ = \j/m to \// = 0. A linear combination of solutions is found to
satisfy the conditions f7(0) = f5(0) = 0. If an eigenvalue G has
been used, the third condition f^(0) = 0 is satisfied; otherwise,
G is incremented by using a Newton-Raphson procedure and
the procedure is repeated until f¥(0) = 0.

For the test purposes, the system adjoint to Eq. (28) is
formed by the differential equations18

(34)

with homogeneous boundary conditions on £|, f*> f^ and MJ-
the transpose of the complex conjugate of Mtj. The com-
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putations were carried until eigenvalues calculated from the
system defined by Eq. (28) and its adjoint [Eq. (34)] in-
dependently agreed and were independent of the accuracy of
the integrator. The use of the adjoint system is a very reliable
and easy to use method for verification of the eigenvalues. It
was also necessary to check the shape of the eigenfunctions in
order to differentiate between the basic and higher modes.
This was especially important when a. = 0(1) or higher.

IV. Results and Discussion
Smith's equations have been solved again during the

present study as discussed in Sec. I.E. The results for the
neutral stability case are presented as curve 2 in Fig. 5. Curve
3 in Fig. 5 is the result of the present study which was obtained
from the solution of Eqs. (28-31). As it is seen, Smith's model
overestimates the instability, especially in the small
wavenumber region. The results of the computations with the
present model that were reported earlier in the preprint of this
paper were affected by the improper representation of the
term dV/d^j in the calculation of the mean flow. This
resulted in its absence outside the boundary layer as was
pointed out by Ragab and Nayfeh.28 (The neutral curves in
the original paper are wrong and have been corrected here.)
Thus curve 3 in Fig. 5 is identical to that found by Ragab and
Nayfeh.28

Curves of constant growth rate computed with the
equations given in Sec. Ill were compared with those
calculated by Smith2 for the Blasius boundary layer. The
agreement in the region of wavenumbers of practical interest
is moderate. In the small wavenumber region differences of as
much as 60-100% may occur between the two models.18 These
differences will accumulate when integrated for the total
growth. There is also some difference in the loci of maximum
amplification rates. A more precise statement about the
differences between the curves of constant amplification rate
cannot be made since computations of these curves based on
Smith's equations do* not yield a solution of practical value
for /3^0 and it was decided not to introduce any additional
simplifications.18

A. Discussion of the Present Model
The final formulation of the present model is given by Eqs.

(16-20). This model is a formally correct, basic approximation

10.0

o.oi
WAVE NUMBER, a

Fig. 5 Comparisons of different computations of the neutral
stability curve based on the present model and that of Smith2:
1) Smith's2 original computations; 2) present computations with
Smith's model; 3) present model.

to the field equations describing the stability of boundary
layers over curved walls with respect to Gortler vortices. The
correct mean flow is given by the basic boundary-layer
equations. The disturbance equations are obtained by the
limits of e c — >0 and e y — >0 with G = ec/ev fixed.

An additional length scale due to the streamwise extent of
the curved wall, the variation of the streamline curvature
away from the wall, displacement thickness effects, and the
use of the viscous streamlines as coordinates are all features
of the second-order theory.

The physical instability mechanism produces a vortex
motion in the (\I/,z) plane as shown in Fig. 4. This
phenomenon is very weak and difficult to observe. It modifies
the basic flow by convecting particles away and toward the
wall, preserving their original basic-state velocities. In the
interpretation presented here, the streamwise disturbance
velocity component represents the defect in the basic flow,
which is only indirectly produced by the instability. Thus, the
u component cannot be larger than the maximum of the
streamwise velocity component of the basic flow which has
been proved by Kirchgassner.25 Since the streamwise
disturbance velocity component constitutes a fraction of the
basic flow, it is of the same order of magnitude as the basic
flow itself. The disturbance velocity components forming the
vortex motion are produced directly by the weak instability
and therefore appear to be of an order of magnitude smaller
than the streamwise component. The transport of momentum
due to the disturbance motion follows a. similar ordering.
Examine the left-hand side of Eq. (17) and recall from Sec. II
that the velocity components are assigned the following or-
dering: £7=0(1), K=0(ew), ii' =0(1), y '=0(ey) , and
w' =0(ey). Derivatives with respect to \l/ and z are 0(1) while
derivatives with respect to 07 are 0(ey). Then, it is straight-
forward to show that Eq. (17) describes 0(ey) transport of
momentum that is of the same order of magnitude as the
boundary-layer streamwise momentum transport. Thus, the
streamwise modulation of the basic flow brings 0(1) con-
tributions to the streamwise disturbance momentum trans-
port. Equations (18) and (19) describe transport of
momentum that is O(e^). Thus, the basic-state terms, that are
O(e^) according to boundary-layer theory, bring 0(1) con-
tributions to the normal-to-the-wall disturbance momentum
transport. The difference in the scaling of the disturbance
momentum transport equations is consistent with the in-
terpretation of a weak instability, vortex-type motion that
indirectly produces a large defect in the basic flow. However,
the indirect effect of the unstable motion, the u component, is
the easiest to identify and to measure.

B. Critical Stability Conditions and Small-Wavenumber Limit
The computations of the neutral curve 3 in Fig. 5 were

carried out to wavenumbers of a=10~ 6 and neutral curve
appears to asymptotically level off at G = 0.4638. There is no
change in the last digit from a= 10 ~4 to 10~6; therefore this
value of Gortler number may be considered as a critical value
for the Blasius boundary layer.

Additional information about the behavior of the stability
characteristics for the low wavenumber limit (always taken as
a^0 + ) are obtained from the expression of dG/da. Three
cases for the curves of constant amplification rates are
possible, i.e.,

lim
a— 0 da

2) lim =0'
a-0 da

dG
3) lim —— =C2<0

a-o da

where Cl and C2 are constants.
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Thus, in case 1 the curve may reach a certain limiting, finite
value of the Gortler number at a = 0. In case 2 this value is
reached asymptotically as a—0 and therefore, it may be
determined for a certain finite wavenumber a>0. In case 3
the curve possesses a minimum at a certain wavenumber a. ̂ 0.

The expression dG/da is evaluated with the help of Eqs.
(28). Since only the curves of constant amplification rates are
considered, d/3/da is taken to be zero. Differentiation of Eqs.
(28) with respect to a2 gives

(35)

where

and

Equations (35), when supplemented by boundary conditions
(29) and (30), form an inhomogeneous boundary-value
problem. Since the homogeneous part of Eqs. (35) is the same
as Eqs. (28) and since the latter have a nontrivial solution,
Eqs. (35) have a solution if, and only if, the inhomogeneous
parts are orthogonal to every solution of the adjoint
homogeneous problem. Then

(36)

where f, and ff are solutions of Eqs. (28) and (34), respec-
tively. When amplified disturbances are considered, curves of
constant amplification rate in the plane (&iG, to) form
straight lines with a negative tangent in the limit of a-*0 (Fig.
6). Thus

dG = Gd( lnG) = G
da a. d(&i(x) a.

(37)

100.0

0.01 O.I 1.0,
WAVE NUMBER, a

10.0

Fig. 6 Curves of constant amplification rate as a function of Gortler
number, G= f/006r/W6r/(R, and wavenumber a for the Blasius
boundary layer: comparison of theory with experiments. The shaded
line corresponds to a combination of eigenvalues in Eq. (33) that does
not permit satisfying the homogeneous boundary conditions as ^— oo.
Experimental points due to.Tani and Sakagami30: o ,-U^ = 11 m/s,
(R = 10 m; n (7^=7 m/s, (R = 5 m; Of/^^7 m/s, (R = 3 m; A
U^ = 16 m/s, (R = 10 m; v 1/^=7 m/s, (R = 1 m. Experimental
points due to Bippes 26:D>1 UM =0.3 m/s, (R = 0.5 m;>2 U^ =0.075
m/s, (R = 0.5 m; > 3 U^ = 0.075 m/s, (R = 1.0 m.

where C is a constant. However, G becomes large as a^t),
according to extended calculations18 of Fig. 6 with /3^0. If
one examines Eq. (36), the dominant term in the numerator in
the limit a-0, is 2G2C/f7f*. Thus, Eq. (36) reduces to the
form of Eq. (37) with C= -1 in agreement with Fig. 6. It is
difficult to make a priori predictions about the behavior of
the curves of constant amplification ratedn the limit as a—0
based only on the examination of Eq. (36). The exact
predictions require numerical evaluation of Eq. (37) and this
is no more advantageous than the direct numerical integration
of Eqs. (28).

C. Comparison with Experiments
The experimental points due to Tani,29 Tani and

Sakagami,30 and Bippes26 are plotted in Fig. 6 and are
located in the region where the disturbances are to be am-
plified according to the theory. However, the theory predicts
nothing about which wavenumber will actually appear for a
given radius of curvature and flow conditions. The apparent
indifference of the flow to the wavenumber is supported by
the experimental findings. The wavelength of the vortices is
determined by the particular edge effects of the experimental
apparatus (Tani and Sakagami30) or by the oncoming
disturbances (Bippes26). These observations should not be
surprising since the instability mechanism is weak. Any ex-
ternal factor imposed on the flow after the instability
mechanism is activated and before the effects of its action are
observable may give rise to almost any wavenumber. Bippes26

conducted experiments with screens in order to produce an
isotropic field of disturbances in the oncoming flow. Then,
out of the entire variety of disturbance components in the
oncoming flow, only those corresponding to a longitudinal
vortex component of a certain wavelength were excited. This
wavelength corresponded to the maximum amplification rate
predicted by the linear theory (Fig. 6).

In all experimental observations, it was noted that the
dimensional wavelength (or wavenumber) of the disturbance
was conserved in the flow direction. Since the dimensionless
wavenumber a. is normalized with 6r, it is a variable in the
flow direction. It is convenient, therefore, to introduce a
dimensionless wavelength parameter A which is constant in
the flow direction. Thus we follow Bippes26 and define

= - ( C / O B X / i O ( X / ( R ) ; (38)

where X is the dimensional wavelength in the z direction. J In
the stability diagram of Fig. 6, the lines of A equal a constant,
are straight with tangent 3/2. For some range of parameters
(G, a) the line of maximum amplification is parallel to the line
A equal a constant, which suggests that a wavenumber
corresponding to this particular value of A has the optimal
conditions to grow. This idea may be better followed in Fig. 7,
which is a stability diagram in the (G, A) plane. Note that for
the fixed curvature and flow conditions, the (G, A) plane may
be interpreted as the (d3/2, \3/2) plane. Otherwise A plays the
role of a Gortler number based on a different length scale, say
Gx.

The experimental verification of the location of the neutral
curve is due to Wortmann,31'32 and Bippes.26 Wortmann's
neutral point is located above the neutral curve shown in Fig.
8. Bippes limited himself to the right part of the neutral curve
only, where a = 0(1) and the neutral curve is not strongly
influenced by the effect of the boundary-layer growth. The
experimentally located neutral curve is moved toward larger
wavenumbers as compared to its theoretical counterpart.

$One can similarly define a wavenumber parameter
A = (OLV/ U^ )(a(R)1/2, which would play the same role as A given by
Eq. (38). Both A and A would remain constant in the flow direction.
These parameters are analogous to the frequency parameter,
F=2irfv/U2

00, used in the presentation of the experimental data of
Tollmien-Schlichting waves.
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Fig. 7 Curves of constant amplification rate as a function of Gortler
number, G = UQ0dr/v^ldl./<S{9 and the wavelength parameter,
A=(700A/WX/(R, for the Blasius boundary layer (same notation as
Fig. 6).

wavelength that is always attenuated, takes the value
Ap = 44.29 for the Blasius boundary layer.

Curves of constant damping rates are given in Figs. 6 and 7.
The region of small Gortler numbers and large wavenumbers
is characterized by the existence of the complex eigenvalues in
the asymptotic solution outside the boundary layer, given by
Eq. (33). Therefore, for large damping rates, a single vortex
may split into a set of vortices located one over another.

For certain values of damping rates, the eigenvalues given
by Eq. (33) prohibit satisfying the outer boundary conditions
as i/'—oo. These conditions are uniquely satisfied if Eq. (33)
possesses three positive and three negative eigenvalues. When
the number of positive eigenvalues is larger than three, the
outer boundary conditions cannot be satisfied. The Gortler
numbers and wavenumbers corresponding to the unfavorable
change in the configuration of eigenvalues are shown in Figs.
6 and 7. It should be noted that complex eigenvalues appear
for Gortler numbers smaller than those corresponding to the
first occurrence of the unfavorable configuration of eigen-
values, as described above. The above-described problems
raise the question of whether the highly damped disturbances
exist in the assumed form of Eq. (33) or whether certain types
of oscillatory solutions must be admitted, say in the form of a
traveling wave in the chord wise direction.
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Fig. 8 Location of the neutral curve for the Blasius boundary layer:
comparison of theory with experiments. Experimental points due to
Bippes26: o attenuated disturbances, n amplified disturbances;
experimental points due to Wortmann31'32: • neutral disturbances.

Bippes26 suggests that the damping rates are small, con-
cluding that it is impossible to locate the neutral curve
precisely. This lack of precision may account for the dif-
ference in the location of the neutral curves. However, ac-
cording to the calculations shown in Fig. 8, it appears that the
magnitudes of the growth and decay rates are comparable on
both sides of the neutral curve. The reasons accounting for the
difference in the location of the neutral curve are not well
understood as yet.

D. The Cutoff Wavelength and Attenuation
The form of the neutral curve given in Fig. 7 defines the

range of the disturbance wavelengths that are never amplified,
according to the linear theory. The cutoff wavelength
parameter, defining the upper bound for the disturbance
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